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Abstract. It is proved that the assembly maps in algebraic K- and L-theory 
with respect to the family of finite subgroups is injective for groups F with 
finite asymptotic dimension that admit a finite model for EF. The result also 
applies to certain groups that admit only a finite dimensional model for EF. In 
particular, it applies to discrete subgroups of virtually connected Lie groups. 



Introduction 

Assembly maps in algebraic K- and L-theory are designed to study the K- and 
_L-theory of group rings i?[r], which contain important geometric information about 
manifolds with fundamental group F. Similarly, the Baum-Connes map is used to 
analyze the topological iiT-theory of the reduced C*-algebra of F. An important 
class of groups that has been studied in recent years, by topologists and analysts 
alike, is the class of discrete groups with finite asymptotic dimension. Yu proved 
the Novikov conjecture for groups with finite asymptotic dimension that admit a 
finite classifying space [Yu98| . He achieved this by using controlled techniques to 
prove the injectivity of the Baum-Connes map for such groups. Later on, Higson 
was able to remove the finite classifying space assumption |HigOO| . In |Bar03bj , the 
first author proved the algebraic K- and L-theory versions of Yu's work by devel- 
oping a squeezing theorem for higher algebraic ii'-theory to use with the approach 
established in [Yu98| . For algebraic if-theory, this was also achieved in [CG04a| . 

The purpose of this paper is to extend the results from |Bar03b| by relaxing the 
finite BF assumption to allow for groups F with torsion. Specifically, we prove the 
following theorem. 

Theorem A. Let T he a discrete group and R a ring. Assume that there is a 
finite dimensional T-CW -model for the universal space for proper T-actions, EF, 
and assume that there is a T -invariant metric on EF such that EF is uniformly 
Tin-contractible, is a complete proper path metric space and has finite asymptotic 
dimension. Then the assembly map, 

(0.1) Lrf(EF;KB)^if,(i?[F]), 

in algebraic K-theory, is a split injection. 

The notion of uniform ^m-contractibility is a strengthening of uniform con- 
tractibility and is introduced in Definition 11.11 The asymptotic dimension of a 
metric space was introduced by Gromov |Gro93j and is reviewed in Section [2l 
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Note that Theorem A has interesting consequences for Whitehead groups. The 
classical assembly map 

(0.2) H,,{Br;Kj,) ^ Kn{R[T]) 

considered in |Bar03b[ ICG04a| , factors through the assembly map (jO.ip via 

(0.3) HniBT; Kr) = H^iET; Kr) ^ H^iET; Kr). 

In particular, the cokernel of (|0.2p contains the cokcrncl of (|0.3p in the situation 
of Theorem A. This cokernel can be evaluated using an Atiyah-Hirzebruch spectral 
sequence (see |DL981 Theorem 4.7]), or computed rationally using the equivariant 
Chern character from ;Liic02; Theorem 0.3], |LR05[ Theorem 173]. If i? = Z and 
n = 1, then the cokernel of (|0.2[) is the Whitehead group. In this way, Theorem A 
implies non-vanishing results for the Whitehead group. 

In Section [3] it is shown that the assumptions of Theorem A are satisfied for all 
discrete subgroups of Lie groups with a finite number of components. Also, if there 
is a cocompact F-CW-model for EF, then, with any F-invariant metric, it will be 
quasi-isometric to F when F is equipped with a word length metric. By Lemma ll.51 
such a model is uniformly J-"m-contractible. Thus, Theorem A implies the following 
corollary. 

Corollary. Let T be a group and assume that one of the following two conditions 
is satisfied: 

(i) T is a discrete subgroup of a virtually connected Lie group, 
(a) F has finite asymptotic dimension and admits a cocompact T-CW -model 
for EF. 

Then the assembly map (|0.ip in algebraic K-theory is split infective for every ring 
R. 

The techniques used to prove Theorem A allow for a very similar proof of the 
corresponding result in L-theory if ultimate lower quadratic L-theory, l1 , is 
used. The only difference is that the compatibility of L-theory with infinite products 
is only known under an additional iiT-theory assumption. This forces the extra 
hypothesis in the following theorem. 

Theorem B. Let T be a discrete group and R a ring with involution. Assume 
that there is a finite dimensional T -CW -model for the universal space for proper 
T-actions, EF, and assume that there is a T -invariant metric on EF such that EF 
is uniformly J-in-contractible, is a complete proper path metric space and has finite 
asymptotic dimension. Further assume that for every finite subgroup G of T , the 
group K ^i{R[G\) vanishes for sufficiently large i. Then the assembly map, 

(0.4) i7f(EF;L«)->Li-°°>(i?[r]), 
in L-theory, is a split injection. 

As in the /C-theory case. Theorem B can be used to obtain non- vanishing results 
for the cokernel of the assembly map 

H4BT;Lr) ^ Li^°^\R[r]). 

It is well-known that the Novikov conjecture on the homotopy invariance of higher 
signatures is implied by the rational injectivity of this map. Clearly, Theorem B 
also implies the following result. 
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Corollary. Let T be a group and assume that one of the following two conditions 
is satisfied: 

(i) T is a discrete subgroup of a virtually connected Lie group, 
(a) r has finite asymptotic dimension and admits a cocompact T-CW -model 
for Er. 

Then the assembly map (10. 4p in L-theory is split injective for every ring R with 
involution such that for every finite subgroup G ofT, the group K^i{R[G]) vanishes 
for sufficiently large i. 

It is interesting to compare the finiteness conditions in Theorems A and B 
with the finiteness assumption in the rational injectivity result of Bokstedt-Hsiang- 
Madsen [BHM93j for the assembly map (|0.2p (with R = 1), where it is assumed 
that the integral homology, Hn{BT\1), is finitely generated for every n. The 
only other injectivity results that we are aware of that apply to all subgroups 
of virtually connected Lie groups are those for the Baum-Connes assembly map 
by Kasparov [Kas88j and Higson [HigOO] (compare [HROO, Section 4]). This also 
implies the rational injectivity of (|0.4p for R — Z. It should also be noted that 
Ferry- Weinberger [FW91' prove the Novikov conjecture and the rational injectivity 
of (|0.2p (with R — Z) for fundamental groups of non-positively curved manifolds 
that are not necessarily compact. By |Bar03aj . our results are in accordance with 
the Farrell- Jones conjecture |FJ93j . For more information about the Baum-Connes 
and Farrell- Jones conjectures we recommend LR05, . 

In Sections [8] and [9l Theorems 18.11 and 19.11 are proven which are slightly stronger 
than the theorems stated in this introduction. There we will be considering as- 
sembly maps for an additive category with a F-action, as introduced in BR05]. 
For example, this more general setup enables one to study the K- and L-theory 
of crossed product rings (see [BR05[ Section 6]). Theorems A and B follow from 
Theorems 18.11 and 19.11 respectively, by using the category of finitely generated free 
i?-modules with the trivial action of F. 

The authors would like to thank Burkhard Wilking for his help with Section [3l 
We thank Lizhen Ji for pointing out an incorrect statement in a previous version 
of this paper. 

1. Uniform contractibility 

Let A be a subset of a metric space X, and let R > 0. Denote by the set of 
all points x in X for which d{x, A) < R. If yl = {x} consists of just one point, then 
we will abbreviate x^ — {x}^. 

Definition 1.1 (Uniformly J^in-contractible). Let F act by isometries on a metric 
space X. Then X is said to be uniformly J-in-contractible if for every finite subgroup 
G of F and every R > there is an 5 > such that the following holds: If B is 
a G- invariant subset of X of diameter less than R, then the inclusion, B B^ , 
is G-equivariantly null homotopic. In particular, B^ contains a fixed point for the 
action of G. 

Remark 1.2 (Uniformly contractible) . If F is the trivial group, or more generally if 
F is torsion-free, then X is uniformly J^m-contractible if and only if X is uniformly 
contractible. That is, for every i? > there is an S* > i? such that for every x € X, 
the inclusion, x^ — > x'^, is null homotopic. 
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Let X be a metric space with an isometric action of a finite group G. Let 
q: X ^ X/ G denote the quotient map. Then 

dx/G{y,y') = dx{q-\y),q-\y')), y,y' e X/G 

defines a metric on X/G. Wc will always consider quotients of metric spaces by an 
isometric action of a finite group as metric spaces using this metric. 

Notation 1.3. Let X be a space with an action of a group G, and let »S be a collection 
of subgroups of G. Define X^ to be the union of all fixed sets X^ , where H is in <S. 
If 5 = {G}, then X^ is simply X'^ . If S is closed under conjugation by elements 

of G, then X^ is a G-invariant subspacc of X . 

Lemma 1.4. Let X be a metric space that is uniformly J^in-contractihle with re- 
spect to an isometric action of a group T. If G is a finite subgroup ofV and S is a 
collection of subgroups of G that is closed under conjugation by G, then the quotient 

X^ /G is uniformly contractible. 

Proof. Let i? > be given. Since X is assumed to be uniformly .Fm-contractible 
and G is finite, there is an 5 > such that for every subgroup H of G and every 
_ff-invariant subset i? C X of diameter less than or equal to 2i?|G|, the inclusion, 
B — > , is ff-equivariantly null homotopic. 

Let y G X^ /G and x G q~^{y), where q: X^ — > X^/G is the quotient map. Let 
H be the subgroup of G consisting of all (/ <E G for which there are gi , . . . , g„ G G 
such that gi = e, gn = g and d{giX,gi^ix) < 2R, for i = 1, ... ,n — 1. Then the 
diameter of B = Hx^ C X is bounded by 2R\G\. Therefore, the inclusion B — > B^ 
is _ff-cquivariantly null homotopic. In particular, there is a point z G B^ that is 
fixed hy H. For g € G - H , gB D B = 0. Therefore, the inclusion, G ■ B ^ G ■ B^ , 
is G-equivariantly homotopic to a map that sends gB to gz. By G-equi variance, 
this homotopy can be restricted to X^, which induces the required null homotopy 
on the quotient. □ 

Lemma 1.5. Let T be a group such that there is a finite T-CW-model, X, for EF. 
Let d be a T-invariant metric on X. Then X is uniformly J^in-contractible. 

Proof. Let X be a finite T-GW^-model for ET. That is, there is a proper V-CW- 
complex X with finitely many F-cells such that X'^ is contractible for every finite 
subgroup G of r and empty otherwise. Note that X is a locally compact space 
since the F-action is cocompact and proper, and for every finite subgroup G of F, 
X is G-equivariantly contractible. 

Let i? > be given. If i? is a finite G-invariant subcomplex of X of diameter less 
than R, then there is an 5 = S{B, G) such that B — > B^ is G-equivariantly null 
homotopic. If 7 G F, then 7_B 'yB^ is G'' = 7G7^"'^-cquivariantly null homotopic 
since the metric is F-invariant. Consider the set of all pairs {B,G), where G is a 
finite subgroup of F and B is a G-invariant subcomplex of X whose diameter is less 
than R. On this set. 7 G F acts by sending {B, G) {"jB, G^). Since the F-action 
on X is proper, the quotient by this action is finite. Therefore, we can choose S 
independent of B. (In fact, S can be chosen independent of both B and G.) □ 

2. Asymptotic dimension 

Let U be an open cover of the metric space X. The cover U is called locally 
finite if every compact subset of X meets only finitely many members of U. The 
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dimension of an open cover lA is defined to be the smallest number n such that each 
X in X is contained in at most n + 1 members of hi. This is also the dimension 
of the associated simplicial complex \U\. If the diameters of the open sets in U 
are uniformly bounded, then lA will be called a bounded cover. The asymptotic 
dimension |Gro93[ p. 28] of X is the smallest integer n such that for any i? > 0, 
there exists an n-dimensional bounded cover lA oi X whose Lebesgue number is at 
least R. 

Lemma 2.1. Let X he a proper metric space of finite asymptotic dimension n. 
Then for every a there exists a locally finite n-dimensional bounded cover U of X 
whose Lebesgue number is at least a. 

Proof. Let U be an n-dimensional bounded cover of X such that for every x G X 
there \sU GlA that contains the closed ball x^ . For each U E U, let be the open 
set consisting of all points x G X for which C U. Then U'"" = {U~" \ U G U} is 
an open cover of X. Since X is a proper metric space, we can find a subcoUection 
Ui3 QU and an open set U' C 11^°' for each U £ Uq such that {[/' | U G Uo} is a 
locally finite set. For each U G Uq, let U" be the interior of ([/')". The collection 
U" = {U" \U GU}is also locally finite. Since U" CUforU G Uq, U" is a bounded 
cover of X of dimension at most n. By construction, the Lebesgue number of U" 
is at least a. □ 

Recall the definition of X^ in Notation 11.31 

Lemma 2.2. Let X be a metric space with a proper isometric action of the group 
r. Let G be a finite subgroup of T . Let S be a collection of subgroups of G that 
is closed under conjugation by G. If X has finite asymptotic dimension, then the 
quotient X^ /G has finite asymptotic dimension. 

Proof. Let n be the asymptotic dimension of X, and let i? > be given. Because 
the asymptotic dimension of a subspace is bounded by the asymptotic dimension 
of the ambient space, there exists an n-dimensional bounded cover lA of X^ whose 
Lebesgue number is at least R. Let p: X^ X^ /G be the quotient map. Define 
pM = {p{U) \ U G U}. It is easy to check that pJJ is a bounded cover whose 
Lebesgue number is at least R. For every x G X^ /G, p~^{x) contains no more 
than \G\ points. Therefore, the dimension of pM is at most (n -I- 1)|G| — 1. □ 

3. Discrete subgroups of Lie groups 

In this section it is proven that discrete subgroups of virtually connected Lie 
groups satisfy the assumptions of Theorems 18.11 and 19.11 Let F be a discrete sub- 
group of a virtually connected Lie group G. If K is a maximal compact subgroup 
of G, then G/K is a finite dimensional F-CW complex that is a model for the 
universal proper F-space EF [Luc05_, Theorem 4.4]. Furthermore, there exists a 



G-invariant Riemannian metric on G/K (compare Lemma 13.81 (ii) below). By 
[CG04b| Section 3] and |Ji04| Proposition 3.3], G/K has finite asymptotic dimen- 
sion. 3 Therefore, we must prove the following result. 

Proposition 3.1. Let T be a discrete subgroup of a Lie group G with finitely many 
components. Let K be a maximal compact subgroup of G. Then the T -space G/K 
equipped with a G-invariant Riemannian metric is uniformly Tin-contractible. 



^These references only consider connected Lie groups. If Go is the component of the identity, 
then Go /Go r\ K = G / K and the general case follows. 
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It is easy to see that G/K is uniformly contractiblc, since G/K is contractible 
and has a transitive action by isometrics. Thus, in the torsion- free case, the proof 
of Proposition lXTl is trivial. For the general case, the proof depends on a fixed point 
result (Proposition 13. 6| ). which was explained to the authors by Burkhard Wilking. 

The following classical facts about Lie groups will be needed. 

(3.2) Let G be a Lie group with finitely many components that has a discrete 
central subgroup D such that the quotient G/ D is compact. Then G is 
isomorphic to the semidirect product, V^K^oia vector group0 , V , with a 
compact group, K , acting on V . This can, for example, be extracted from 
the proof of Lemma XV. 3. 3 in [Hoc65| (see the end of the first paragraph 
on p. 183). 

(3.3) Let G be a Lie group, and let F be a normal vector subgroup of G such 
that G/V is compact. Then G is isomorphic to the semidirect product 
V >i G/V. This follows from |Hoc65[ Theorem IIL2.3]. 

(3.4) Let G be a semisimple Lie group with a finite number of components. Let 
if be a maximal compact subgroup of AdG(G), and let L be the preimage 
of K in G. Then any G- invariant metric on G/L has nonpositive sectional 
curvature (see |Hel62] 0.) 

We make the following convenient definition. 

Definition 3.5. Let 7? be a closed subgroup of a Lie group G. Assume that there 
is a G-invariant metric on G/H. The pair {G,H) has nearby Tin-fixed points if 
the following holds: 

Let be a finite subgroup of G and i? > 0. Then there exists a T > such that 
for every i^-invariant subset B of G/H whose diameter is bounded by i?, there is a 
point fixed by F such that the ball of radius T around this fixed point contains B. 

It is not difficult to check that the existence of T, in the above definition, does 
not depend on the chosen metric, provided the metric is G-invariant. 

Proposition 3.6. Let G be a Lie group with finitely many components and K a 
maximal compact subgroup of G. Then (G, K) has nearby Tin- fixed points. 

The proof of Proposition 13.61 will require some preparations. 

A Riemannian submersion f : M N between Riemannian manifolds is a dif- 
ferentiable surjective map such that for every x G M, the restriction of df : T^M — > 
Tfj^^'^N to the orthogonal complement of its kernel is an isometry. Important for 
us is the following property: 

(3.7) If cij is a smooth path in and x is a lift of its the initial point to M , then 
there is a canonical lift of lu to M that begins at x and has the same arc 
length as lu. 

Lemma 3.8. Let K <Z H be closed subgroups of the Lie group G. 

^Lie groups isomorphic to M" are called vector groups. 

■^This is well known. Since we did not find the statement in this form, we give a proof with 
precise references: We may assume that G is connected, since Gq/Go H L = G/L. Let 1 © V 
be a Cartan decomposition of the Lie algebra g of G (see [Hel62l IIL§7]). Then 1 is a maximal 
compactly imbedded subalgebra of g (see IHel62l Proposition IIL7.4]). This means that the 
subgroup of Ad(3(G) corresponding to 1 is a maximal compact subgroup. Since all maximal 
compact subgroups are conjugated |Hoc65l Theorem XV.3.1.], we may assume that this subgroup 
is K. Thus, the pair (G,L) is of noncompact type |Hel62l p. 194/195], and any G-invariant metric 
on G/L has nonpositive curvature. 
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(i) Suppose that there are G -invariant metrics on G/K and G/H such that 
the projection G/K G/H is a Riemannian submersion. If {H, K) and 
{G,H) have nearby J- in- fixed points, then so does {G,K). 

(a) If Ado (H) is compact, then there are G-invariant metrics on G/K and 
G/H such that the projection G / K G / H is a Riemannian submersion. 



Proof, (i) Let F be a finite subgroup of G, and let B be an F-invariant subset of 
G/K of diameter bounded by R. Since (G, H) has nearby J^zn-fixed points and tt 
is non-expanding, there is a fixed point gH in G/H such that 7r(-B) is contained 
in gH^ , the baU of radius T around gH. Here, T only depends on F and R (and 
not on B). For 6 in B, choose a geodesic, cjb, in G/H from 7r(6) to gH. Let Lp{b) 
be the endpoint of the lift of w;, to G/K with initial point b. Let G = {f{b) \ b g 
B} C TT~^{gH). Property ((3Jl) imphes B <Z and C C B'^ . It follows that the 
diameter of G with respect to the metric on G/H is bounded by i? + 2T. The 
diameter with respect to the restriction of the Riemannian metric to ir^^lgH) may 
be larger, but will still be bounded by some number R' depending only on i? + 2T. 
This is true because H^ = g^^Hg acts transitively and isometrically with respect 
to either distance on TT^^{gH). Since {H,K) has nearby JFzn-fixed points, there is 
a fixed point, hK, for — g^^Fg, and a T' > 0, depending only on R' and F^, 
such that g~^{G) C Tr^^{eH) = H/K is contained in hK^ . Therefore, ghK is a 
fixed point for F, and B is contained in ghK'^'^^ . 



(ii) Since KAg{H) is compact, there is an i/-invariant inner product on the Lie 
algebra g of G. The projection G — > G/H induces an isomorphism from to 
the tangent space TeH{G/H) of G/H at eH, where h is the Lie subalgebra of g 
corresponding to H. We use this isomorphism to transport the inner product from 
to TeH{G/ H). Since the inner product on is i7-invariant, this inner product 
extends to a G-invariant Riemannian metric on G/H . (Here, it is important that 
the inner product on g is i7-invariant, otherwise the inner product on TgH{G / H) 
would depend on the choice of g, and not just on gH ) Similarly, we obtain a G- 
invariant metric on G/K. Thus, the projection, tt: G/K G/H, is a Riemannian 
submersion. □ 



Proof of Proposition 1 3. 61 We begin by considering two special cases. 

Case 1: If G is the semidirect product, V yi K, oi & vector group V with a 
compact group K, then V = G/K. That is, G/K is Euclidean space and the result 
follows from the Cartan Fixed Point Theorem. 

Case 2: Suppose that G semisimple. Let L be the preimage under Adg of a 
maximal compact subgroup of AdG(G) that contains AdciK). By Lemma [?^(ii)[ 
there exists a G-invariant metric on G/L, which is nonpositively curved by (j3.4p . 
By the Cartan Fixed Point Theorem, (G, L) has nearby jTin-fixed points. Since 
G/L is connected, L will only have a finite number of components. Since G is 
semisimple, the kernel of Ada is a discrete subgroup and the intersection of the 
kernel of Ada with the identity component Go of G, which we call D, is the center 
of Go |Hel62[ Corollaries II.5.2-hII.6.2]. Since L n Gq/D is compact, implies 
that L n Go is a semidirect product of a vector group group with a compact group. 
Therefore L fl Gq/K n Gq = L/K is Euclidean space. Thus, {L,K) has nearby 
J^m-fixed points by the Cartan Fixed Point Theorem. By Lemma [3781 {G,K) has 
nearby ^m-fixed points. 



8 



ARTHUR BARTELS AND DAVID ROSENTHAL 



For the general case, we proceed by induction on dim G. If G is not semisimple, 
there is a closed nontrivial normal subgroup that is either a vector group y or a 
torus T j Hoc65[ Lemma XV. 3. 6]. If the subgroup in question is a torus, then we 
may assume that it is contained in K . Thus, the result for G /T implies it for G. 
If it is a vector group V ^ then consider the subgroup VK of G. By (|3.3|) . the first 
case applies to VK. Of course, G/VK ^ {G/V)/{VK/V). By induction, {VK,K) 
and (G, VK) have nearby J-'in-Gxed points. Choose a X-invariant inner product 
on the Lie algebra g of G. Denote by v the ideal of g corresponding to V. The 
projection G — > G/V induces an isomorphism of the Lie algebra of G/V with 



as a if-module. As in the proof of Lemma 13.81 (ii) we can use left translation to 
obtain G-invariant, resp. G/V^-invariant, metrics on G/K, resp. {G/V)/{VK/ K), 
such that the projection G/K (G/V)/ {VK/ K) is a Riemannian submersion. 



Using G/VK {G/V)/{VK/V) and Lemma [3l](i) it follows that [G/K) has 



nearby JFm-fixed points. □ 

Lemma 3.9. Let G he a Lie group with finitely many components and K a maximal 
compact subgroup. Equip G/K with a G-invariant Riemannian metric. Then for 
every T > there is an S > .such that the ball of radius T around eK is K- 
equivariantly contractible inside the ball of radius S. 

Proof. By jHoc65| Theorem XV. 3.1], there is a finite dimensional vector space V 
with a linear isT-action and a if-equivariant homeomorphism G/K ^ V sending 
eK to 0. Thus, eK^ is if-equivariantly contractible in G/K. By compactness, this 
contraction happens inside some ball of finite radius. □ 

Proof of Provosition \3.1\ Let be a finite subgroup of G. Let i? > be given. By 
Proposition there is a T > such that for every F-invariant subset B of G/K 
whose diameter is bounded by i?, there is a point fixed by F such that the ball of 
radius T around this fixed point contains B. By Lemma [3791 there is an 5* > such 
that eK^ is if-equivariantly contractible inside the ball of radius S. 

Let B' an F-invariant subset of G/K whose diameter is bounded by R. Then 
there is an F-fixed point gK in G/K such that B' is contained in gK^ . Since gK 
is an F-fixed point, F^ — g~^Fg is a subgroup of K. Thus, g^^B' is contained 
in eK^^ and is F^-invariant. Therefore, g~^B' is F^-equivariantly contractible in 
eK^ . Applying g, this means that B' is F-equivariantly contractible in gK^ . □ 



4. Open covers and simplicial compexes 

A map f : X —^ Y between metric spaces is metrically coarse if it is proper and 
satisfies the following growth condition: for all i? > there is an 5 > such that 

dx{x,y)<R =^ dY{f{x)J(y))<S. 

Two such maps, / and g, are said to be bornotopic if there is a constant G > 
such that dvifix), g{x)) < G for all x in. X (see |HR95| Section 2]). A metrically 
coarse homotopy between proper continuous maps is called a metric homotopy. In 
particular, a metric homotopy is a bornotopy and a proper homotopy. 
For the following lemma compare [HR95[ Lemma 3.3]. 

Lemma 4.1. Let X be a proper metric space that has a finite dimensional CW- 
structure such that the diameters of its cells are uniformly bounded, and let Y be a 
uniformly contractible proper metric space. Let A he a subcomplex of X containing 
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the O-cells of X . Then every continuous metrically coarse map fo: A—^Y can be 
extended to a continuous metrically coarse map /: X Y . 

Proof. Let X„ be the union of A with the n-skeleton of X. Since Xn is obtained 
from Xn-i by attaching n-cells, we extend /o inductively to /„: Xn Y. For 
every n-cell, e, not in A, we must extend to all of e the restriction of fn-i to the 
boundary, de, of e. Because fn-i is metrically coarse and cells in X have uniformly 
bounded diameter, /„_i(9e) has uniformly bounded diameter. Since Y is uniformly 
contractible, there is a continuous metrically coarse extension of /„_i to Xn- This 
finishes the construction of /. 

It remains to show that / is proper. Since the diameters of cells in X are 
uniformly bounded and X is finite dimensional, there is an i? > such that X = 
{X'^)^, where X° denotes the 0-skeleton oi X. Since X is a proper metric space, this 
implies that a subset B oi X has compact closure if and only if B^OX'^ is finite. Let 
Ba be a closed ball of radius a in Y. Because / is metrically coarse, there is an S' > 
such that {f^^{Ba))^ is contained in f^^{{Ba)^'). Since {Ba)^ is compact, /o is 
proper, and X'^ is closed in X, it follows that (/-i(Ba))^nX° C f-^{{Baf)r]X° 
is finite. Since f~^{Ba) is closed, this implies that f~^{Ba) is compact. Therefore, 
/ is proper. □ 

If U is an open cover of a space X, then the realization of its nerve, \U\^ is a 
simplicial complex. Denote by [U] the vertex of \U\ corresponding to U in U. A 
partition of unity subordinate to U, {lpu)u^u, induces a map g: X \hl\ defined 
by: 

ipu{x)[U] 



(4.2) g{.x) = J2 



u^u T.veuVv{x) 

The Euclidean path length metric on a simplicial complex is the unique path 
length metric that restricts to the standard Euclidean metric on each simplex. For 
an open cover lA, we will always equip \hl\ with the Euclidean path length metric. 

Proposition 4.3. Let X he a complete proper path metric space and let hi he a 
locally finite, bounded, finite dimensional cover of X whose Lebesgue number is 
positive. If g: X —t \IA\ is induced by a partition of unity subordinate to hi as in 
()4.2p . then g is a bornotopy equivalence. 



Proof. This follows from |Roe91[ Section 3] (see also jHR95[ Proposition 3.2]). In 
these references the spherical metric rather than the Euclidean metric is used, but 
since \h(\ is finite dimensional, this distinction is not important. □ 

Lemma 4.4. Let X be a uniformly contractible complete proper path metric space. 
Assume that X has the structure of a finite dimensional CW -complex. Let hi be 
a locally finite, bounded, finite dimensional cover of X whose Lebesgue number is 
positive, and let g: X ^ \hi\ be induced by a partition of unity subordinate to hi as 
in (j4.2[) . Then g has a right homotopy inverse up to metric homotopy. That is, 
there is a continuous and metrically coarse map f: \hi\ X and a metric homotopy 
H: Xx[0,l] X from fog to idx- 



^In IYu98l and IBarOSbl the spherical metric has been used. Using the Euchdean metric is 
convenient for computation in Proposition |4]6] In any event, the difference between the Euclidean 
and the spherical metric is not important for this paper. 
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Proof. By refining the CM^-structure if necessary, we can assume that the cells in 
X have uniformly bounded diameter. By Proposition l4.31 g has a bornotopy inverse 
/. Using Lemma HTTl we can assume that / is also continuous. The existence of H 
follows by applying Lemma |4?T] to the subspace Xx{0, 1} c Xx[0, 1] and the map 
that is f o g on Xx{0} and the identity of X on Xx{l}. □ 

Although the Euclidean path length metric changes under restriction to subcom- 
plexes, there is the following estimate. 

Lemma 4.5. Let a and r be intersecting faces of the k-simplex A. Denote by dpi 
the Euclidean path length metric on the subcomplex of A spanned by a and r, and 
denote by dA the Euclidean standard metric on A. Then for x in a and y in t 



dpi{x, y) < Svfc+T • dA{x, y). 

Proof. Let ug be a vertex that is contained in ctHt. For a face p of A that contains 
Wo, define the projection A — > p as the simplicial map which is the identity on 
p and maps all vertices not in p to vq. Using the Cauchy-Schwarz inequality, 



dA{Pp{z),Pp{z')) < y/k + 1 ■dA{z,z') yz,z' e A. 
Note that p„{x) = x, Pr{y) = y, Panrix) = Prix) and Panriy) = Pa{y)- Therefore, 
dpi{x,y) < dpiix, Panriy)) + dpiipanriy), Panrix)) + dpi{p„nT{x),y) 

= dpiipaix),paiy)) + dpiipanriy), Panrix)) + dpi (Pr (a:) , (y) ) 

= dAiPaix),Paiy)) + d^iPanriy), Panrix)) + C^A (Pr (a;) , Pr (j/ ) ) 

< 'sVk ■ d^ix^y). 

□ 

The finite asymptotic dimension of a metric space is equivalent to the existence 
of certain contracting maps to finite dimensional simplicial complexes (see |Gro931 
p. 30]). We will use the following version of this (compare [Yu98, Lemma 6.3]). 

Lemma 4.6. Let hi be an n-dimensional bounded cover of a path length metric 
space X. Assume that the Lebesgue number R of hi is positive. Then there is a 
partition of unity subordinate to hi such that for the induced map g: X \hi\ ()4.2|) . 

dpiigix),giy)) < C„^^^^^ 

for all X, y Cz X. Here, dpi denotes the Euclidean path length metric on \hi\, and 
Cn is a constant that depends only on n. 

Proof. Let Vu be the vector space of sequences of real numbers indexed by U. 
There is a canonical embedding \hi\ Vu. We will use both the ^^-norm, \\-\\-^, 
and the P-norm, ||-||2, on Vu. For x in X and U in hi, let xjj = dix,X — U) and 
fix) = ixu)ueu G Vu. Define a partition of unity subordinate to hi by ^uix) = 
Hjl^yip. The map g: X ^ \hi\ C Vu induced by this partition of unity is given by 

Let X, y £ X he given. Clearly, ||/(a;)||2 < ll/(a;)||i- Because R is the Lebesgue 
number oihi, there is at least one U in hi for which yu > R. Therefore, ||/(j/)||i > R. 
Since hi is n-dimensional, there are at most 2(n + 1) members of hi for which 
xu ^ 01 yu ^ 0. From \xu - yu\ < dix,y), we conclude |||/(2/)||i - ||/(a;)|li| < 
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2{n+l)d{x,y) and \\f{x)-f{y)\\2 < ^2{n + 1) d{x,y) < 2(n + 1) y). Using 
these estimates, it follows that 



M^)-9iy)\\ 



fiy) 



< 



< 



ll/(^)lli ll/(2/)lli 
ll/(j/)lli/(^)-||/(^)lli/(2^) 



ll/(^)llill/(y)lli 
l/(y)lli-||/(^)lli|ll/(-^)ll2 



\f{x)\\J{x)~\\f{x)\\Jiy) 



l/(^)llill/(y)l!i 



< 



4(n- 



ll/(^)llill/(2/)lli 
l)d{x,y) 



\f{^)-f{y)\[ 
\\f{y)h 



R 



Restricted to simplices, the embedding |Z^| Viy is an isometry (using the P-norm 
on Vu)- If d{x^ y) < R, then there is a [/ in Z^/ containing x and y, since R is the 
Lebesgue number ofU. Thus, there are simplices a and r of \U\ such that g{x) € a, 
g{y) e r, and [C/] G ct n r. In particular, cr n r is not empty. Because a and r have 
dimension less or equal to n, they span a simplex IS. in Vu whose dimension is at 
most 2n. Since the Z^-norm gives the Euclidean metric on A, we can use Lemma l4.5l 
to estimate 

d{x,y) 



dMx),g{y))<i.j2n+\- \\g{x) - g{y)\\^ < 12V2n + l(n + l) 



R 



whenever d{x, y) < R. Since the metric on X is a path length metric, the inequality 
follows for all x, y X. □ 



5. Controlled algebra 

Let X be a proper metric space and A a small additive category. Let F be a 
group that acts on X by isometries and on A by additive functors. (We will consider 
only left actions.) Fundamental to this paper will be the additive category A{X) 
of certain continuously controlled modules. This is a minor variation of similar 
constructions from the literature, the first of which appeared in [ACFP94] . 

Let Z = XxTx[0,l). An object, M, in A{X) is given by a sequence of objects 
{Mz)zez in A, subject to the conditions: 

(5.1) The image of suppM = | 7^ 0} under the projection Z ^ Xx[0,l) 
is locally finite. 

(5.2) For every x e X and t e [0, 1), suppM n ({a::}xFx{t}) is finite. 

A morphism, ip: M — > N, in A{X) is given by a sequence of morphisms, 
{(fz.z' '■ Mz' — > Mz)(^z.z')ez^ 1 in -^i subject to the conditions: 

(5.3) supp — {(z,z') I fz,z' 7^ 0} is continuously controlled at Xx{l}. That 
is, for every x G X and every open neighborhood U of {x, 1) in Xx[0, 1], 
there is a (smaller) open neighborhood V of (x, 1) in Xx[0, 1] such that 
(Xx[0,l) — U)xV and Vx{Xx[OA) — U) do not intersect the image of 
suppiyj under the projection Z ^ Xx [0, 1]. 

(5.4) For a fixed z in Z, {z' | (z, z') g supp(p or (z', z) e supp^s} is finite. 

(5.5) There exists an i? > such that ((a;, 7, t), (a;', 7', i')) e suppi^ implies 
d{x,x') < R. 

Composition of morphisms is given by the usual matrix multiplication. 
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If A" is a collection of subsets of Z, then we define A{X) as the full subcategory 
of A{X) whose objects, M, satisfy the additional condition: 

(5.6) There is an S* G A" such that suppAf C S. 

If X is closed under finite unions, then A{X) is again an additive category. If y is 
another collection of subsets of Z such that for every S E y there is a. T G X such 
that S C T, then A{y) is a subcategory of .4(A'). Furthermore, A{y) will define a 
Karoubi filtration jCP95[ Definition 1.27] oi A{X) if, in addition, the following is 
satisfied: 

(5.7) For every S G y and morphism ip in A{X), there is a T g 3^ such that 
5"^ = {z I 3 z' e 5 such that ipz.z' 7^ O} is contained in T. 

The quotient of this Karoubi filtration will be denoted by A{X,y). 

Clearly, A{X) = A{{X}) and A{X) = A{X,?l). If X and y are F-invariant, 
then the formula {g{M))z = g{Mg-iz) defines an action of F on A{X,y). For a 
subgroup G of F, denote the corresponding fixed point category by A'~^{X,y). It 
is not difficult to check that taking Karoubi quotients and taking fixed categories 
commute. Therefore, A'^{X,y) is the quotient of A'^iX) by A^{y). 

Let p: X ^ X' he a. continuous map. For a closed subset Y of X, let X{Y,p) 
be the collection of subsets S oi Z with the following properties: 

(5.8) If (x, 1) is a limit point of the image of S under the projection Z — > 
Xx[0, 1), then x€Y. 

(5.9) There is an i? > such that the image of S under the projection Z ^ X 
is contained in Y^. 

(5.10) There is a compact set Ko C X' such that the image of S under the 
composition of the projection Z X with p is contained in Kq. 

Let X{Y,p)q be the collection of subsets S oi Z that satisfy (|5.9p . (|5.10p and the 
following strengthening of (|5.8|) : 

(5.11) The set of limit points of the image of 5 under the projection Z ^ Xx[0,l) 
is disjoint from Xx{l}. 

Let G be a subgroup of F such that Y is G- invariant. The controlled categories 
that we will use are: 

A^iY)^A^iXiY,p)), 

A^{Y)o^A''{X(Y,p)o), 

A^iYr =A''iXiY,p),XiY,p)o), 

A^{X,Y)^A''{XiX,p),XiY,p)). 

Note that the definitions of these categories depend on the metric space X, even 
though this is not reflected in the notation. However, because X is a proper metric 
space, changing X to a smaller or larger proper metric space that still contains Y 
will only change the categories up to G-equivariant equivalence. Since all of our 
metric spaces will be proper metric spaces, we can disregard this dependence on 
X. It should also be noted that condition (|5.5[) is only important in the defini- 
tions of Ap{Y) and Ap{Y)o and not in the definition of Ap {Y)°° , where it affects 
the category only up to equivalence (compare |Bar03b[ Lemma 3.15]). Similarly, 
our notation is slightly imprecise because even before taking fixed categories these 
categories depend on the group we have in mind. But this dependence also only 
changes the category up to equivariant equivalence and can safely be ignored. 
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Let K~°° denote the functor from the category of smaU additive categories to 
the category of spectra, which assigns an additive category to its associated non- 
connective if-theory spectrum |PW85| . A crucial fact is that applying K~°° to 
a Karoubi filtration produces a fibration of spectra, which induces a long exact 
sequence in if -theory [CP95[ Theorem 1.28]. By definition, the two following se- 
quences are Karoubi sequences. That is, the final category is a Karoubi quotient of 
the middle category by the first. Therefore, each induces a long exact sequence in 
if-theory. 

(5.12) A^{X),^A^{X)^A'^{Xr 

(5.13) A^{Y)^A^{X)^A^{X,Y) 

If, in addition, = X for some i? > 0, then 

(5.14) A^{Y'r ^A^[xr ^Af:{X,Y) 

is also Karoubi sequence. To see this, consider the following commutative diagram 
in which the first two columns and the second two rows are Karoubi filtrations. 

A^{Y)o^^A^{X)o 



A^{Y) ) A^{X) > A^{X, Y) 

a b c 

A^iY)°° >A^iX)^ >Q 

The assumption Y^ = X implies that A'^{Y)o Ap{X)o is an equivalence of 
categories. A short exercise in the definition of Karoubi filtrations shows that c is 
an equivalence of categories. 

In [Wei02| . it is proven that X i-^ K^,{Aidx{^)°°) ^ locally finite homology 
theory. In particular, it is homotopy invariant. It follows from the definition that 
Aidx{^)o is functorial in X for metrically coarse maps and that bornotopic maps 
induce the same map in if-theory. These facts imply: 

(5.15) The category A{X) is functorial in X for metrically coarse continuous 
maps (compare |Bar03b[ Remarks 3.5, 3.10]). li f,g: X ^ Y are two such 
maps that are metrically homotopic (see Section!?]), then / and g induce 
the same map from K^{A{X)) to K,,{A{Y)). 

In [BR05[ Definition 2.1], the additive category ^^r^ is constructed for a F-set 
T. By |BR05[ Proposition 2.8(iii)], there is a canonical equivalence of categories 
A*H H/H A*gG/H, for every subgroup H of F. U A is the category of finitely 
generated free i?-modules for a ring R and the action oi H on A is trivial, then 
A *H H/H is equivalent to the category of finitely generated free i?[iJ]-modules. 
For this reason, we will denote the category A *h H/H by A[H] for an arbitrary 
A, and call the objects of this category ^[i7]-modules. In [BROS) Section 3], the 
Or(r)-spectrum is also introduced (using the ]K^°°-functor). Associated to it 
is the assembly map 

(5.16) i7,(EF;K^) ->ii4pt;K^) -if*(^[F]). 

If A is the category of finitely generated free i?-modules, then this is the assembly 
map (jO.ip . Let pr: EF EF/F denote the quotient map. It is not hard to check 
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that -4[r] is equivalent to the category y^pj,(Er)o. Controlled algebra can be used 
to describe assembly maps as forget control maps. An instance of this is |HP04j . 
where the continuously controlled category Sr(Erx [0, 1); i?) is used to identify 
various versions of the assembly map. If one modifies the definition of this category 
to allow for coefficients in A, then, since F acts on EF with finite isotropy, the 
fixed point category Ap^(Er)°° can be identified with the continuously controlled 
category Sr(Erx [0, 1); The only difference between the two categories is 

condition ()5.5p . but as mentioned before, this changes the category only up to 
equivalence. Therefore, |HP04( Theorem 7.4] implies the following fact. 

(5.17) If EF is equipped with a F-invariant metric, then the boundary map in 
the long exact sequence associated to (|5.12p . with X — EF, is equivalent 
to the assembly map (|5.16p . 

6. A VANISHING RESULT 

In this section, a key component of the proof of Theorem 18.11 is established, 
namely Proposition [621 below. 

Proposition 6.1. Let X be a proper metric space. For each n S N, let Qn be 

a simplicial complex equipped with the Euclidean path length metric and g„ : X — > 
Qn a continuous and metrically coarse map satisfying the following: For every 
R > there exists an S > such that for all x and y in X with d{x, y) < R, 
d{gnix) , gniy)) < — • Then for any a € Km{A{X j) there is an uq — no(a) such 
that (g„)*(a) = G K„i{A{Qn)) for all n > uq. 

Proof. This is almost jBar03b| Corollary 4.3]. In [BarOSb] . the spherical metric 
rather then the Euclidean metric is used, but this does not affect the argument. It 
is only important that the metric is the same on every simplex. □ 

Proposition 6.2. Let X be a uniformly contractible, complete, proper, path length 
metric space of finite asymptotic dimension. Assume that X has the structure of 
a finite dimensional CW-complex. Let X be a collection of closed subsets, S , of 
A"x[0, 1), where S = Kx[0, 1) for some closed subset K of X, that is closed under 
finite unions, and assume that for every closed subset K of X and every a > Q, 
K"'y<[Q,l) is contained in X. Then the K-theory of A{X) vanishes. 

Proof. Since X has finite asymptotic dimension, there is a sequence of bounded 
open covers of X such that the Lebesgue number oiUn exceeds n. By Lemma lO] 
we can assume that each Un is locally finite. By Lemma [4.61 and Proposition 16.11 
there is a sequence of maps, gn'. X — > \Un\^ induced by partitions of unity, such 
that for every closed subset Y oi X and every a £ K^,{A{Y)), there is an no 
such that (5n)*(a) = for n > no. By Lemma l44l each gn is invertible up to 
metric homotopy. Thus, for each n, there is a continuous metrically coarse map 
/„ : \Un\ X and a metric homotopy : Xx [0, 1] X from /„ o g„ to id^- 

Let b e K^,{A{X)) be given. Choose a closed subset K oi X such that b is 
the image of some a G K^{A{K)) under the inclusion lk- A{K) A{X). Let 
Qn be the smallest subcomplex of \Un\ that contains gn{K). Since /„ and _ff„ 
are metrically coarse, there is an a„ > such that fn{Qn), F[n{Kx[0, 1]) c iiT"". 
Consider the restriction maps gn\K- K Q„ and fn\Q„' Qn K"" . Then the 
restriction of Hn to Kx[0, 1] gives a metric homotopy from /„|q„ o gn\K to the 
inclusion ia„: K — > K"". From (|5.15p we conclude that (/n|Q„ o ffrt|if)*(a) — 
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(*a„)*(a)- By Proposition 16.11 eventually (5n|if)*(a) ~ 0. The conclusion now 
follows since Iq„ (a) also maps to h under the inclusion tifc,„ : ^(iiT"") A{X^. □ 

7. The Descent Principle and Homotopy Fixed Sets 

Let S be a spectrum with P-action. For a space X with P-action, let Mapp(X, S) 
be the spectrum whose n-th space is Mapp(X, Sn), where Sn is the ri-th space in 
the spectrum S. The fixed point spectrum, S'", is defined to be Mapp(pt, S). 
Let be a family of subgroups of P that is closed under conjugation and taking 
subgroups. If X is a space with P-action, then its JF-homotopy fixed point set is 
defined by X^^^ — Mapp(£'jrP, X). In general, spectra can be difficult to work 
with, however, many arguments for spaces can be extended to fi-spectra by applying 
them levelwise. A particularly useful property they possess is that the homotopy 
groups of a product of fi-spectra is the product of the homotopy groups. In order to 
define the J^-homotopy fixed points of a spectrum with P-action, recall that there 
is a fibrant replacement functor, R : SPECTRA -> 1] - SPECTRA, that comes 
equipped with a natural weak equivalence A — > R(A). For a construction of this 
functor, see for example, |LRV03|, Section 2]. If S is a spectrum with P-action then 
so is R(S), and it is not difficult to check that R commutes with taking fixed points. 
That is, (R(S))'" = R(S'"). The T -homotopy fixed point spectrum^ is defined to 
be the spectrum 

S''^^ = Mapp(£;^P,R(S)). 
Notice that the projection EjrT pt induces a natural transformation S'" — > S''^'". 

Lemma 7.1. Let J- he a family of subgroups ofT. 

(i) If F: S — > T is an equivariant map of spectra with T-action such that 
pG . gG _j, r^G ^ weak homotopy equivalence for every subgroup G in 
T, then S'^^r ^ rp/i^r^ 

(ii) Let B be an D,-spectrum with a G-action, where G is in T , and let P act on 
S = Mape(P,B) by {-ff){x) = fi^f^^x), where 7 G P. Then ~ S''^^'. 



Proof, (i) The proof of [Ros04[ Lemma 4.1] shows that the corresponding result 
holds for spaces, but this also implies the result for spectra. For every G d T and 
n e N, (R(S)„)'-^ (R(T)„)'^ is a weak equivalence because R commutes with 
fixed points. Thus, (R(S)„)''^^ -> (R(T)„)''^^ is weak equivalence for aU n e N. 



(ii) The proof of [Ros04|, Lemma 4.2] shows that the corresponding result holds 
for spaces. The statement for spectra can be deduced from this as follows. A 
product of fi-spectra is again an fi-spectrum. In particular, is an f2-spectrum 
for every subgroup H of P. Thus, (S„)^ (R(S)„)^ is a weak equivalence for 
every n. Therefore, (S„)''^'" — ^ (R(S)„)''^'" is a weak equivalence for every n. On 
the other hand, (S„)'" —f (S„)''^^ is a weak equivalence by the space version of 



(ii) □ 



°Both authors of this paper are guilty of stating an incorrect definition of the homotopy 
fixed point spectrum (forgetting R) |Bar03a| . IRos04l . However, in those papers, homotopy fixed 
points are only applied to f2-spectra. In this case, both definitions yield weakly equivalent spectra. 
Thus, the main results are not affected. We thank Holger Reich for pointing out that the correct 
definition of the homotopy fixed point spectrum must involve the functor R. 
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Lemma 7.2. Let T he the family of finite subgroups ofT,Ha finite subgroup of 
T, B an additive category with an H -action, and let T act on C = Ilr/i/'^ *^ 

Then 



does on the product in Lemma \7. 1\ (ii) 



Proof. For B = ^(pt)°° this is proven in [Ros04, Theorem 6.3] using Lemma l7.lj(ii)| 
and the fact that IK^°° commutes with infinite products |Car95| . The same proof 
works in the general case. □ 



Remark 7.3. In order for the L-theory version of Lemma l7.2l to be true, it must also 
be assumed that for sufhciently large i, K-i{B[H]) ~ 0. This is needed because the 
compatibility of L~°° with infinite products is only known if the A'-theory vanishes 
in degree —i for sufficiently large i (see jCP951 p.756]). 

Proposition 17.41 below, is an important fact needed to prove the Descent Prin- 
ciple (Theorem 17.51) . Its proof is based on work of Carlsson and Pedersen |CP95[ 
Theorem 2.11] who proved the result in the case where F is torsion-free and X is 
a finite F-CW complex (meaning that X has finitely many F-cells). This was later 
generalized by the second author [Ros04j to include groups with torsion. The result 
proven here relaxes the finiteness condition on X, requiring only that X be a finite 
dimensional F-CW complex. 

Proposition 7.4. Let T he a discrete group, T the family of finite subgroups of 
V , X a finite dimensional V-CW complex with finite isotropy, and pr the quotient 
map X — > X/T. Then, for every T -invariant metric on X , 



Proof. Proceed by induction on the skeleta oi X. Let Xq denote the 0-skeleton of 
X. For some indexing set J, Xq = UjgjF/i?j, where Tlj £ T for every j S J. 
Since we are taking germs away from zero and objects have F-compact support, 



Ar(^or = 0( n ^(pt)' 



je.7 TjHj 

which is a F-equivariant equivalence of categories. Let Cj 
%r°°(Cj) is F-invariant for every j g J, 

'0c,y^(viK-°°(c,))'^ 



rir/H, -4(pt)°°. Since 



and 



where the last weak equivalence makes use of Lemma I7.1l|(i)[ By Lemma 17.2 



is a weak homotopy equivalence. Therefore, 
which completes the base case of the induction. 
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Now assume that the proposition holds for the (n — l)-skeleton Xn-i- Let 
A ^ B ^ C denote the sequence 

Consider the following commutative diagram: 

A^ > > C-r 



A"^ 



Notice that each row in the diagram is a fibration of spectra. The second row is 
a fibration since taking homotopy fixed sets and taking homotopy fibers are both 
homotopy limits and therefore commute BK72 . 

We must show that 6 is a weak homotopy equivalence. By the induction hypoth- 
esis, a is a weak homotopy equivalence. Therefore, by the Five Lemma, it suffices 
to prove that c is a weak homotopy equivalence. 

Since we are taking germs away from X"^^ (and thus away from zero) and 
objects have F-compact support, 

iel T/Hi 

The proof is now completed by arguing as in the beginning of the induction with 

Theorem 7.5 (The Descent Principle). Let T he a discrete group, T the fam- 
ily o] finite subgroups of T, X a finite dimensional T-CW complex, and pr the 
quotient map X — > X/T. Assume that X admits a T -invariant metric such that 
Kn{Ap^{Xyj = for every integer n, and every G E 

Then the map _ff^(X;K_4) K^{A[r]) is a split injection. 

Proof. Consider the following commutative diagram of fibration sequences: 



'(Ar(^)o) 



'{Apr {X)o 



'{ApAX)) 



'iApAxy 



'{ApAxy 



By Proposition 17. 4[ c is a weak homotopy equivalence. Since each row in the dia- 
gram is a fibration, it suffices to show that IK~°° (^pp (X)) ^ is weakly contractible. 
But this follows from Lemma 1 7 . 1 j (i) | and the assumption that Kn{A^^{X)) — for 
every integer n. □ 



8. Proof of the Main Theorem 

Theorem 8.1. Let T be a discrete group and let A be a .small additive category. 
Assume that there is a finite dimensional T-CW model for the universal space for 
proper T -actions, EF, and assume that there is a T -invariant metric on EF such that 
EF is a complete proper path metric space that is uniformly J^in- contractible and has 
finite asymptotic dimension. Then the assembly map, (EF;K^°°) K^{A[r]), 
in algebraic K-theory, is a split injection. 
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Some preparations must be made before we can give the proof of Theorem 18.11 
Let G be a finite subgroup of T. Let 

G = Ho, Hi, ... , H„i = {e} 

contain exactly one subgroup from each conjugacy class of subgroups of G and let 
the Hi be ordered by cardinality. That is, \Hi\ > \Hi^i\. 

For each k, < k < m, define Sk = {Hf \ < i < k, g e G} and Zk ^ W^" ■ 
Clearly, Sk is invariant under conjugation by G. Therefore, is G-invariant for 
every k, < k < m. 

Notation 8.2. For each k, let p: Zk — > EF/F be the restriction of the quotient map 
pr : EF EF/F, and let pc '■ Z^/G EF/F denote the restriction of the canonical 
projection EF/G -> EF/F. 

Lemma 8.3. For every k, < k < m, and every subgroup H of G, the K -theory 
of A[H]p^{Zk/G) vanishes. 

Proof. By Lemmas 11.41 and 12. 2[ Z^/G is uniformly contractible and has finite as- 
ymptotic dimension. Let if be a subset of Z^jG whose image, K, in EF/G is 
compact. If a > 0, the image of if" is A"", which is compact since EF/G is a 
proper metric space. Therefore, we can apply Proposition 16 . 21 to conclude that the 
if-theory of ./l[ii]pg (Zfe/G) vanishes. □ 

For the following fact, compare |Ros04[ Lemma 7.4]. 

Lemma 8.4. For each k, 1 < k < m, 

^pi^k, Zk-i) = A[Hk]pa (Zk/G, Zk-i/G). 

Proof. Since we are taking germs away from Zk-i and Zk-i/G, every morphism 
has a representative that is zero on Z^-i x [0, 1) and on Zk-i/Gx [0, 1), respectively. 
Therefore, it is irrelevant what the objects over Z^-i x [0, 1) and Z^-i/G x [0, 1) 
are. By construction, the stabilizer subgroup of any point not in Zk_i x [0, 1) is 
a conjugate of iifc. Since Ap{Zk, Zk~i) is a fixed category, the parts of an object 
over points in the same orbit must be isomorphic modules. Thus, the object M 
in A^{Zk,Zk-i) is sent to M' , where M^'^^ ^^ (with {y,t) ^ Zk^i/G x [0,1)) is 
the y^[iJfc]-module sitting over the point in {{x,t) | x e p^^{y)} whose stabilizer 
subgroup is iJfc. The inverse of this is to take the ^[iife]-module over {y,t) and 
use the G-action to spread it around the orbit {{x , t) \ x e p^^ (y)] . This explains 
how the objects in Ap{Zk,Zk-i) and A[Hk\pc;{ZklG, Z^-i/G) are identified. To 
verify (|5.10|) . notice that if Kq is a subset of Z^/T, then the image of pp^(ifo) 
under the quotient map Z^ — > Z^/G is p^^(ii'o). Since we are taking germs, the 
components of a morphism need to become small. Therefore, non-zero components 
of a morphism have the same isotropy, namely a conjugate of H^. Furthermore, the 
equi variance of morphisms in Ap {Zk, Zk-i) implies that there is only one choice 
when lifting a morphism from A[Hk\p^{Zk / G , Z^^i/G). □ 

Proof of Theorem \8.1\ By the Descent Principle, it suffices to show that the spec- 
trum K~°°(^p^ (EF)) is weakly contractible for every finite subgroup G of F. 
Let G be a finite subgroup of F and proceed by induction on the filtration 

EF^ = Zo C Zi C ... C Z,„_i C Z,„ = EF 
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defined above. Since G acts trivially on EF*^, A^^ET^) is equivalent to A[G\p{Er'^). 
By Lemma [8731 ]K^°° (^[G']p(Er'-^)) is weakly contractible. This completes the base 
case of the induction. 

Assume now that K~°° is weakly contractible. We must show that 
Kr°°[Ap{Zk)) is weakly contractible. Consider the following Karoubi filtration 

A^{Zk-i) ^ A^{Zu) -> A';{Zk, Zu-i) 

(see (IS-ISI) ). which yields a fibration of spectra after applying ]K~°°. By using the 
induction hypothesis, we need only show that Kr°° {Ap{Zk^ Zk-i)) is weakly con- 
tractible. By Lemma [8741 Ap{Zk, Zk-i) is equivalent to A[Hk]pc{Zk/G, Zk-i/G), 
which fits into the Karoubi filtration: 

A[HkU{Zk-i/G) ^ A[HkU{Zk/G) A[H^]p^{ZJG,Zu-i/G). 

Both K-'^{A[Hk\pG {Zk-i/G)) and {A[Hk]pa (Zk/G)) are weakly contractible 
by Lemma [831 Therefore, K^°"(^A[Hk]pQ{Zk/G,Zk-i/G)) is also weakly con- 
tractible. □ 



9. i-THEORY 

If A is an additive category with involution and an action of F, then there is an 
assembly map 

h^{W;-La) ^ i?r(pt;L^) = Li-°^\A[T]) 

(see |BR05[ Section 5]). Here is an Or(r)-spectrum whose value on T/H is 
weakly equivalent to 'L~°°{A[H]), where h~°°{A[H]) is the spectrum whose homo- 
topy groups are the ultimate lower quadratic L-groups ii °°\A[H]) (see |Ran92[ 
Chapter 17]). If is the category of finitely generated free _R- modules for a ring, 
R, with involution, then Li °°\A[H]) = ii °°^(_R[iJ]), and the above assembly 
map is 

HliET;i^R) ^ i/f (pt;Lfl) = Ll-°°>(i?[r]). 
The following is the L-theory version of Theorem 18.11 

Theorem 9.1. Let T be discrete group and let A be a small additive category with 
involution. Assume that there is a finite dimensional T-GW -model for the universal 
space for proper T-actions, EF, and assume that there is a T -invariant metric on 
EF such that EF is uniformly Tin- contractible, is a complete proper path metric 
space and has finite asymptotic dimension. Assume that for each finite subgroup 
G there is an zq G N such that for i > io, K-i{A[G]) = 0, where the involution 
is forgotten and A is considered only as an additive category. Then the assembly 
map, i?f(EF;Lyt) i*(y^[F]), in L-theory, is a split injection. 

Proof. Everything we did for ii'-theory also works for L-theory with the exception 
of Lemma 17.21 As pointed out in Remark 17.31 this lemma will carry over to L- 
theory if the additional assumption about the vanishing of K-i{A[G\) for large i 
is made. The rest of the argument proceeds with out further changes. For the 
required properties of i-theory, see |CP95[ Section 4]. □ 
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